Optimal path generation for wheeled mobile robots with 77°-splines

Corrado GUARINO LO BIANCO and Oscar GERELLI

Abstract— This paper deals with the generation of optimal
paths planned by means of 73-splines, a recently devised
planning primitive used for the automated steering of wheeled
mobile robots. The shape of 77°-splines can be easily modified
by acting on a set of free parameters. This capability can be
used, for example, to satisfy an assigned optimality criterion.
In this paper it will be used to minimize the curvature
variability in order to reduce the lateral solicitations affecting
an autonomous robot. Evidently, curvature derivative could be
minimized by means of an optimization algorithm. However,
this approach cannot be suitably used in an online application
which continuously requires the curve updating. For this reason,
closed form expressions have been devised and proposed in
this paper in order to efficiently evaluate optimal curves on
the sole basis of the interpolating conditions. As a further
characteristic, the proposed heuristic method permits obtaining,
when appropriate interpolating conditions are given, n>-splines
which at the best emulate circular arcs and clothoids.

Index Terms— Mobile robots, optimal path generation, geo-
metric continuity.

I. INTRODUCTION

Several approaches can be found in the literature in order
to generate appropriate paths for autonomous vehicles. Two
different frameworks are normally considered. In the first
one, usually indicated with the name of “motion planning”,
a structured and known environment is considered. A path
joining two given points is generated taking into account
the obstacle avoidance problem and possibly satisfying given
constraints. A typical constraint is represented the by max-
imum path curvature. The first work related to motion
planning was due to Dubin [1]: a minimum length path
was generated by means of linear segments and circular
arcs. Successively, many other works addressed the same
problem [2]-[4]. Recently the problem has been enriched by
considering the generation of continuous curvature paths [5].

In the second framework, usually indicated with the term
of “motion generation”, the planing phase assumes local
characteristics being focused on the generation of short
distance paths. This framework is generally encountered
when a limited information on the vehicle surroundings is
available, such in the case of a car vehicle moving along
an unknown road or an autonomous robot moving inside an
environment with strong dynamics characteristics. Obstacle
avoidance is generally handled through an opportune choice
of the goal point and of the final robot orientation: if a
collision is detected, a different target point is selected.
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In a motion generation context, path geometric character-
istics assume a relevant role. Several path primitives, which
generate continuous curvature paths, were proposed in the
past: clothoids, cubic spirals [6], polar polynomials [7],
intrinsic splines [8], etc.. Recently, the attention has been fo-
cused on planning primitives whose curvature is continuously
differentiable [9]. Paths which possess this characteristic
are named G3-paths. G>-continuity is essential especially
for unicycle-like robots: in [10] it has been shown that, in
order to generate continuously differentiable control signals,
it is necessary to plan G3-paths. This requirement is not
strictly necessary in the case of other autonomous vehicles,
however the use of paths whose curvature is continuously
differentiable leads to the generation of smooth command
signals, which is, undoubtedly, a positive characteristic.

In [11], a new planning primitive, named 73-splines, has
been proposed for the generation of G3-paths. 17°-splines are
planned by means of closed form expressions and always
fulfill any arbitrarily assigned set of interpolating conditions.
An important advantage of n°-splines is represented by the
possibility of refining their shape, still satisfying the assigned
interpolating conditions, by acting on a set of six free
parameters. Such a possibility can be used, for example, for
the generation of curves which satisfy appropriate optimality
criteria. This property represents an important advantage
of m3-splines but, on the other hand, poses the problem
of their optimal synthesis. Since a local path generation
is considered, the shaping problem must be solved online
by means of an efficient procedure. This paper proposes a
solution for the optimal planning of 13-splines which does
not require the explicit online solution of an optimization
problem.

In §II, the G>-interpolation problem is formalized (Prob-
lem 1) and the closed form expressions (1°>-splines) proposed
in [11] for its solution are recalled. The optimal shaping
problem (Problem 2), which represents the key point of
this paper, is formulated in the same section. The proposed
solution is described in §III, and a path planning test case is
presented in §IV. Final conclusions are drawn in §V.

II. PROBLEM FORMULATION
A curve in the Cartesian planar space can be described by
means of the function
p: [uo,ul] — Rz
u —  pu)=lou) )",
where [ug,u;] is a real closed interval. The associated “path”
is the image of [ug,u;] under the vectorial function p (u),

ie., p([uo,ui]). We say that p(u) is a regular curve if
p(u) is piecewise continuous, i.e., p(u) € Cp([uo,u1]), and



p(u) # 0, Yu € [ug,u;]. The arc length or, equivalently, the
curvilinear coordinate measured along p(u), denoted by s,
can be evaluated by means of the function

f:[uo,ul] — R
w = 5= [ b

where ||| denotes the Euclidean norm.

Associated with any point of a regular curve there is a
tangent vector 0(«) measured with respect to the coordinate
x-axis, a scalar curvature x(u), and a curvature derivative
K(u) == %5 (u). If O(u), x(u), are continuous functions over
[ug,u1], then p(u) is a G*-curve, i.e., it has a second order
geometric continuity. If also k(u) is continuous over [ug, %],
then p(u) has a third order geometric continuity and is
indicated as a G*-curve.

In order to control unicycle-like robots by means of
continuously differentiable control signals, it is necessary to
plan G*-curves [10]. A composite G-path can be generated
by combining several G>-curves if it is possible to assign
tangents, curvatures, and curvature derivatives at the extreme
points of each of them. This consideration generated the
following interpolation problem

Problem 1: Assume that two points ps := [x4 ya]? and
ps := [xz yg]’ have been assigned in the Cartesian space.
Generate a G>-curve p(u) between ps and pg which fulfills
given interpolating conditions on the initial and final tangent
angles 64 and Op, curvatures K4 and kp, and curvature
derivatives K4 and Kp.

In order to solve Problem I, a new planning primitive,
named n3-splines, has been proposed in [11]. It is given by
two seven order polynomial functions defined as follows

p(u) := [o(u) ()" € [0,1] (1)
where
ouu) == oy + oL + ou? + OL3u3 +ogut + 0(5145 + (X6M6 +a7u’;(2)
B(u) := Bo+ Bru+Bou® +Baue’ + Bau’ + Bsu® +Peu’ +Bru’ . (3)

In the same paper, closed form expressions were proposed
in order to efficiently evaluate coefficients o; and ; on the
basis of the interpolating conditions

Ol = Xxa 4

Ol =1 cos 0y (5)
1 1

o = 51]3 cos0y — EH%KA sin 04 (6)

1 1 . .
03 = £Ms cos 04— 3 (Mi&a +3MiM3ky4) sin6, (7N
2
oy =35 (xB —xA) — (20T]1 +5M3+ T]5> cosO4+
+ (SanA—i— anA—i—meKA) sinBy +
(]57]2 — T]4 + T]6> cosOp +
5 1 .
(211 Kg — T]zKB - nmeB) sinOp ®)
—84 (xp — xA) (45M1 4+ 10n3 +ns) cos 64+

— (10T’|%KA —i—T]?KA + 3T’|1T’|3KA) sin 04

=70(xp—x4) — (36T]1+1’]3+1’]5>COSGA+

4+ 392 — T4 + T]ﬁ) cosOp +

3 .
+ ( ik — T]zKB - 1127141(3) sin6p )

15
+ (21] Ka + T]]KA+2T|1T]3KA) sin 04
(341’]2 — fT]4 + n6> cosOp +
13 3 .
(ZTI Kp — T12KB T]meB) sinbp  (10)

1
oy = —20 (xB 7)CA) + (101]1 +2n3+ 6T'|5) cosO,+

1 5. 1 .
+ (21]21(3 — ET]%KB — 2n2n4K3) sinOp (11D

1 1
2T'| Ka + *T]%KA + T]]T]3KA) sin©4 +

+( 10Mm2 —2n4 + n6>cos63+

Bo = ya (12)
Bi =misinBy (13)
B = lT’]3 sin04 + lT]%KA cos 0, (14)

B3 = 115 sinBy + — (ﬂlKA+3T’|1ﬂ3KA) cosBy (15)
Ba=35(yp—ya) — (20111 +5n3 + 3115) sin@a+
2 2 3.
— 51‘[1KA + ngA +2Nn1M3k4 | cosBy +

5 1
15m2 — FNs+ 6T]6> sinBp +

_|_

5 1 ». 1
(211%1(3 - gnglcg - 2n2n41<3> cosBz  (16)
Bs = —84 (yp —ya) + (45M1 + 10M3 +Ms5) sinO4+
+ (lOn%KA —|—1ﬁKA + 3T’|11]3KA) cosBy +

1
+ (391’]2 —Ta+ 21]6> sinOp +
1, 3
3Kp — 5 MK = ZM2M4Kp | cos 05 (17)
15 2 .
Be =70(yg —ya) — <36T]1 + 5 M + 3715) sinB@4+

15 2 .
- (2TI%KA + *TﬁKA + 2T]1n3KA) cos0, +
13 .
(341]2 — —m + n6> sinBp +
(13

. 3
+ En%KB — ET]%KB — 21]2’[]41(3) Ccos 93 (18)

1 .
B7 =—20(yp —ya) + (10111 +2n3+ 6114) sinB4+



1 1
+ (271%KA + gn?KA + 2n1n3KA) cos 0y +
1
+ (10712 — 214+ 6n6> sinBp +

1 5. 1
— (21]%1(3 — 61’]%](3 — 2n2n4K3) cosOp (19)

From a rapid inspection of (4)-(19), it is possible to
observe their dependence on the assigned interpolating con-
ditions x4,v4,XB,YB,04,08,K4,Kp,K4, and Kp and on a set
of six real parameters m;. Such parameters, which give their
name to the planning primitive, can be packed into a single
vector 1 := M1 M2 M3 N4 M5 MeJ” € H C (RT)2 xR

Among the other characteristics of the 77°-splines, one, in
particular, needs to be mentioned: 7°-splines always fulfill
boundary conditions independently form the choice of 7.
Consequently, vector 1 can be used to shape the curve
interior points. This is an important feature of 7°-splines
since it introduces flexibility in their design. On the other
hand, it forces to find an appropriate method for the selection
of m. Several choices are possible. For example, in a motion
planning context, 1 could be used to avoid obstacles. In a
motion generation context, like that considered in this work,
7 can be used to fulfill an appropriate optimality criterion.

The control strategy developed in [10], [12] aims at
generating smooth robot movements. The path shape has a
strong impact on the robot lateral solicitations. In particular,
it is well known that lateral accelerations are correlated to the
path curvature. In the same way, lateral jerk depends on the
curvature derivative with respect to the curvilinear coordinate
s. In order to reduce lateral stresses, 17 can be selected by
solving the following optimization problem

Problem 2: Given any set of interpolating conditions
XA,VA,XB,YB,04,08,K4,Kp, K4, and kp, find the optimal n>-
spline which solves the following semi-infinite minimax

problem
dx
i —(u; 20
m (g} e
subject to
[B(u:m)[| >0, Vuel0,1]. 2D

Constraint (21) is added to guarantee the curve regularity.
Problem (20)—(21) is strongly nonlinear and is charac-
terized by a very large number of local minima. For this
reason, it can only be solved by means of global optimization
algorithms. For example, in this paper the optimal solution
is gained by means of the hybrid genetic-interval algorithm
proposed in [13], [14]. Unfortunately, this approach can only
be adopted for off-line cases, since, owing to the problem
complexity, evaluation times are normally not compatible
with realtime applications. Consequently, it has been nec-
essary to devise an efficient heuristic rule to be used when
computational efficiency represents an important issue. Such
heuristic procedure returns effective solutions and is charac-
terized by an almost zero evaluation time. A first proposal
for the optimal selection of 7 can be found in [11], where
vector 17 was chosen by imposing 1M1 =12 = ||pa — ps|| and
M3 =M4 =MN5 =N = 0. In most practical cases this choice
returns good results. Nevertheless, the problem is deeper

TABLE I
INTERPOLATING CONDITIONS I'; COMPATIBLE WITH CIRCULAR ARCS

XA YA XB YB 04 O ks K K4 Kp
'N 0 0 14142 0588 0 m/4 1/2 1/2 0 O
I, 0 0 35355 14645 0 m/4 1/5 1/5 0 0
r's 0 0 53033 21967 0 =/4 1/7.5 1/75 0 0
rs 0 0 70711 2928 0 =n/4 1/10 1/10 0 O
Ls 0 0 106066 43934 0 =m/4 1/15 1/15 0 0
Ty 0 0 141421 58579 0 m/4 1/20 1/20 0 0
'y 0 0 20000 20000 0 m/2 1/2 1/2 0 0
's 0 0 50000 50000 0 =2 1/5 1/5 0 0
'y 0 0 75000 75000 0 m=/2 1/75 1/75 0 0
'y 0 0 10.0000 10.0000 0 m/2 1/10 1/10 0 O
'y 0 0 150000 15.0000 0 w=/2 1/15 1/15 0 O
', 0 0 200000 20.0000 0 m/2 1/20 1/20 0 O

investigated in the following and a new rule, which produces
better performance indexes, is provided.

III. THE HEURISTIC PROCEDURE

Let us indicate by T := [xa ya Xp Y5 84 05 K4 Kp Ka Kp]” €
G C R* x [-m,n)> x R* the vector containing the inter-
polating conditions used to plan a generic 1°-spline. The
minimizer n* of (20)—(21) necessarily depends on T, so that
it will be indicated in the following as n*(T"). In order to
avoid an explicit online solution of (20)—(21) an algebraic
function

n:G — H
r — #),

which approximates n*(T") at the best, needs to be estimated.
Evidently, any effort must be spent to guarantee that curves
obtained by means of 7(T") have performance indexes close
to those obtained by means of n*(T").

Function 7)(T") is designed through a two steps procedure.
The first step aims at devising a possible structure for 7(T").
In particular, the structure of #(I") is obtained by solving
(20)—(21) for a set of appropriate interpolating conditions I';
and analyzing the corresponding solutions 77*(T';). The result
of such analysis is a parametric function 7(T';k), where k :=
ki ky ... ki 1]T € K c R is a vector of real parameters used
for its “tuning”. Then, in the second step, k is evaluated
by formulating a new optimization problem. The achieved
optimal k does not depend on T, so that it can be used for
any generic set of interpolating conditions.

A. Devising the structure of (I';k)

The structure of A(T') must be characterized by its sim-
plicity. To this purpose, let us consider some typical planning
situations. Evidently, when x4 = Xp, the optimal solution of
(20)—(21) is characterized by %(u;ﬁ) ~ 0, ie., K(u;n) is
kept as constant as possible along the curve or, equivalently,
the curve approximates at the best a circular arc. In the same
way, if K4 # Kp, the optimal solution is characterized by
a function x(u;7) which almost linearly depends on s, so
that %(u;ﬁ) is almost constant and the curve approximates
at the best a clothoid. Bearing in mind this idea, a set
of interpolating conditions I';, compatible with arcs and
clothoids, has been generated (see Tables I and II).



TABLE I
INTERPOLATING CONDITIONS I'; COMPATIBLE WITH CLOTHOIDS

XA YA XB Y8 04 Bp K4 Xp Ka Kp
T'i; 0 0 29511 07832 0 =m/4 0 1/2 1.5915e-1 1.5915e-1
Ty 0 0 73776 19582 0 =wn/4 0 1/5 2.5465e-2 2.5465¢-2
T'is 0 0 11.0664 29373 0 =/4 0 1/7.5 1.1318e-2 1.1318e-2
Tic 0 0 147552 39165 0 =w/4 0 1/10 6.3662e-3 6.3662¢-3
T'i; 0 0 22.1327 58747 0 1t/4 0 1/15 2.8294e-3 2.8294e-3
Tig 0 0 295104 7.8329 0 =/4 0 1/20 1.5915e-3 1.5915e-3
Tiv 0 0 49107 27091 0 =/2 0 1/2 7.9577e-2 7.9577e-2
Ty 0 0 122769 6.7727 0 Tt/2 0 1/5 1.2732e-2 1.2732e-2
Ty 0 0 184152 10.1590 0 =/2 0 1/7.5 5.6588e-3 5.6588¢-3
Ty 0 0 245538 135454 0 =m/2 0 1/10 3.1831e-3 3.1831e-3
Ty 0 0 36.8305 20.3181 0 =/2 0 1/15 1.4147e-3 1.4147¢-3
Ty 0 0 49.1075 27.0909 0 =n/2 0 1/20 7.9577e-4 7.9577e-4

TABLE III

MINIMIZERS 7" (I';) FOR PROBLEM (20)—(21) WHEN INTERPOLATING
CONDITIONS ARE CONGRUENT WITH CIRCULAR ARCS

n,m N3, — s ns.M6 ‘%|
T, 156566400 4917001  -6.6998¢+00  1.3745¢-03
T, 3.6537¢400  1.3173¢400  -1.0960e+00  4.2403¢-06
T3 56959400 1.0188¢400 -3.7426e+00  1.5579¢-07
Ty 7.6425e¢+00 1.4546e+00 -9.3034e+00 5.5453e-07
Ts  1.1565¢401  1.2535¢400 -8.9196e+00  4.6852e-08
Ty 1.5467¢401  1.3156¢400 -1.0510e+01  2.2694e-08
T;  2.9465¢400 1.1786e400 -8.6937e+00  5.7884e-05
Ty 74078400 2.0277¢400 -1.2477e+01  2.4701e-05
Ty  1.0618¢401  5.6298¢400 -1.5491e+01  8.2154e-07
Ty 1.5179e+01  1.6468e+00  -2.0441e401  8.0685¢-06
Ty 22828e+01  23025¢+00  -3.3042e401  3.3372e-06
T, 29739+01  8.4987e+00  -6.3444e+01  9.1094e-07

For each configuration I'; the optimal solution 7n*(T';)
has been found by means of the genetic-interval algorithm
proposed in [13], [14]. As expected, in the case of interpolat-
ing conditions compatible with circular arcs, problem (20)-
(21) converges toward solutions with @ ~0, i.e., 17°-splines
almost perfectly emulate circular arcs, whlle when interpo-
lating conditions are compatible with clothoids, it converges
toward constant values of % and 73-splines approximate
clothoids. Moreover, in the case of circular arcs, owing
to the symmetry characteristics of such curve (k4 = Kp,
K4 = Kg = 0), the minimizers are characterized by n; ~ 1>,
N3 ~ —M4, and M5 =~ Ne. Minimizers n*(I;), i=1,2,...,12,
corresponding to circular arcs, are reported in Table III. In
the case of clothoids, the 1M and m, are no more equal,
but they remain close each other. The same happens for M3
and —n)4, and for 15 and Mg. For example, for the clothoid
whose interpolating conditions are given by I'24 the obtained
problem minimizer is M; = 43.8944,1; = 44.8416,13 =
34.2107,m4 = —28.1348,Mn5 = —250.1721,M6 = —253.6511.
For the sake of conciseness, the set of optimal solutions
obtained for clothoids are herein not reported.

By scrutinizing optimal solutions 7*(I';), it has been
possible to devise some correlations between them and the
interpolating conditions reported in Tables I and II. Such
information has been used to propose the following structure
for (T k)

N1 =k1 ||pa —psll +k2 |08 — 04| + k3 \/|K4l , (22)

N2 =k1 ||pa —psll +k2 |05 — 04| + k3 \/|x5]| , (23)
N3 = k4 [|pa — pall* +ks 05 —0a| + ke v/|Ka| +k7 \/[Kal ,

24
Na=—(ky |[pa — pal* +ks 05 — 04| +ks \/K5|+h7 \/K(T;ls))7
Ns = ks [pa —pal|* +ko /105 — 84| +kio [ka| ki1 \/@)7
N6 = ks 4 —Pal* +ko /108 — 04l + k1o [ks| + k11 \/l'gisl)
where ||| indicates the Euclidean norm and k(2:7:)
ki1 ky ... k”]T € K c R s a vector of real parameters. It is

easily possible to verify that, when interpolating conditions
are compatible with circular arcs, (22)—(27) correctly return
N1 =12, N3 = —NM4, and N5 = 1Ne, while different, but similar,
values have to be expected in the case of clothoids. The same
selection rule proposed in [11] can be obtained from (22)-
(27) by imposing k =k’ :=[10000000000]7,

An initial estimate for k has been found by means of
a least square approach which minimizes the difference
between n*(I") and 7(T;k). Evidently, the obtained k can
only be used to generate a first rough estimate of 7(T"), since
performance index ¢ T X has not been taken into account during
its evaluation. The optimal value k” obtained by means of
this procedure is reported in Table IV.

B. Estimating the optimal k

Starting from K", it is possible to find a more “performing”
value of k. To this purpose, let us introduce the following
optimization problem

lr(rg;é{J( ) (28)
where 2 e p 5
K*
J(k) ;[d (Tisk) — | — <F)] (29)

and where 95(T;:K) := max,eo,q {| % [w;A(Ti:K)]|}
the maximum curvature derivative obtained by means of
A(T;;k), while %(I‘i)‘ represents the maximum curva-
ture derivative corresponding to optimal solutions n*(T';) of
problem (20)—(21). It is worth remembering that ‘W(Fi) is
equal to zero when interpolating conditions are compatible
with circular arcs, while it is equal to the elements of the
last column of Table II in the case of clothoids. Practically,
the solution of (28) generates 1°-splines whose curvature
derivative is very close to the minimum obtainable for the
considered interpolating conditions.

Problem (28) has been solved with an algorithm for the
local optimization which started from k”. The cost index
of the initial solution was equal to 1.3493. The algorithm
has converged to solution k' shown in Table IV, with final
performance index equal to 3.4140e-3.

Owing to the method used for the selection of k, (T';k")
generates very good approximations of circular arcs and
clothoids. But what happens in the case of generic in-
terpolating conditions? In order to answer to this ques-
tion let us consider the set of boundary conditions T
reported in Tab. V. They have been selected by randomly




TABLE IV

POSSIBLE OPTIMAL PARAMETERIZATIONS FOR (22)—(27)

PERFORMANCE INDEXES

TABLE VI

% (I‘,-)‘ CORRESPONDING TO THE OPTIMAL

SOLUTIONS OF PROBLEM (20)—(21) COMPARED WITH THE

PERFORMANCE INDEXES %(I‘i;k) OBTAINED WITH K’ k", AND k™

k/ k// k///
ki 1 0,986215955980423 0,980241669523699
ko 0 0,04694051539639 0,050820225241291
k3 0 0,074863997949512 0,057298625402492
ky 0 0,017994903356811 0,023979395751181
ks 0 0,233918712355343 0,377342429899679
ke 0 0,674868034806584 0,688893732522817
k7 0 6,17884077781871 -6,88358352287906
kg 0 -0,062562404082537 -0,15495114444297
ko 0  -35,718866041005704  15,267133617910023
kio O 65,80182824188454 -50,110252330441334
kit 0 54,58725230016439 75,23437020085763
TABLE V

RANDOMLY CHOSEN INTERPOLATING CONDITIONS I';

XAYA XB yB_ 04 Op Ka Kp Ka Kp
I'y)s 0 0 2.3768-1.5950 0 -0.6126-2.927e-1 -3.456e-1 -7.40e-3 3.99e-2
Ty 0 0 14.513 4.3664 0 0.8170 5.480e-2 1.240e-2 7.70e-3 -2.60e-3
T'>7 0 0 8.0540-4.9792 0 -0.6337 -1.820e-2 -6.140e-2 -3.40e-3 1.13e-2
Thg 0 0 5.5745 2.2956 0 0.7847 6.610e-2 2.920e-2 1.16e-2 6.60e-3
Ty 0 0 7.9545 3.5910 0 1.0043-2.040e-2 6.620e-2-1.17e-2 4.20e-3
T';p 0 0 3.1755-3.4036 0 -1.5708 -1.690e-2 -1.367e-1 5.60e-3 8.20e-3
T3 0 09.5297 2.1589 0 0.6170 6.970e-2 8.110e-2-3.30e-3 1.26e-2
T';; 0 0 3.9384 3.5786 0 1.5708-1.595e-1 1.771e-1 5.40e-3 -8.90e-3
T';3 0 0 11.115-1.3665 0 -0.8165 -4.230e-2 -6.070e-2 -3.50e-3 -2.40e-3
T34 0 0 9.1085 4.9272 0 0.6855-6.620e-2 8.450e-2 -7.30e-3 -4.40e-3
I';s 0 0 4.1048 3.0115 0 1.4612 1.660e-2 1.268e-1 2.15e-2 -2.46e-2
T'36 0 0 3.2995 1.2793 0 0.3882-1.256e-1 2.072e-1 7.60e-3 -2.00e-3
T'37 0 0 12.645 1.5489 0 0.5893 3.850e-2 2.040e-2 1.50e-3 1.80e-3
T'33 0 0 2.0141-3.7572 0 -1.5708 2.048e-1-2.100e-3 7.60e-3 7.00e-4
T390 0 0 11.221 1.6647 0 0.8578 8.420e-2 6.200e-3 8.00e-3 -1.00e-4
T4 0 0 3.5888 4.1907 0 1.4692 1.506e-1 1.405e-1-1.70e-3 -5.00e-3
Ty 0 02.1525-2.3190 0 -1.5326 -8.030e-2 -1.937¢e-1 -7.30e-3 8.00e-4
Ty 0 0 7.2631-3.5370 0 -1.2966 -1.078e-1 -7.620e-2 -5.30e-3 1.28e-2
Ty3 0 0 14.552 3.6728 0 1.2003 -7.100e-3 2.860e-2 5.90e-3 -5.80e-3
T'y4 0 0 7.0008 -3.2704 0 -0.8977 1.250e-2-5.090e-2 -1.24¢-2 -1.52e-2
T4s 0 0 10.175 4.0194 0 1.0857 4.120e-2 8.500e-2 5.70e-3 9.90e-3
Ty 0 0 5.2888-1.2936 0 -0.6500 2.750e-2 -1.668e-1 3.10e-3 1.02e-2
T'y7 0 0 8.7662 3.5931 0 0.6804-1.370e-2 6.000e-4 -4.00e-4 1.15e-2
T4g 0 0 14.745 3.1773 0 1.0826-3.800e-2 4.960e-2 -5.90e-3 7.00e-3
T4 0 0 13.331 3.5286 0 1.1674 5.740e-2 1.060e-2 3.90e-3 -8.80e-3
T'so 0 0 6.9433-3.8030 0 -0.6980-1.193e-1-4.970e-2 7.60e-3 1.41e-2
T's; 0 0 5.8084-2.4884 0 -0.8377 2.750e-2 -5.550e-2 5.40e-3 6.00e-4
T'sp 0 0 9.6728-2.4432 0 -1.0662 -7.600e-3 -4.120e-2 2.60e-3 -2.60e-3
T's3 0 0 10.181-3.0920 0 -0.9366 -4.880e-2 -5.860e-2 -9.90¢e-3 -1.01e-2

choosing xp € [0,15],y5 € [-5,5],08 € [—7/2,7/2],%a,Kp €
[—0.4,0.4],%4, kg € [—0.04,0.04]. Without any loss of gen-
erality, it has been supposed that x4 = xp = 64 = 0 since,
according to (22)—(27), terms m; are evaluated on the sole
basis of differences pp —pa and 0p — 04.

For each value of I'; an optimal solution n*(T';) has been
obtained by solving (20)—(21) with the genetic-interval algo-
rithm, and the corresponding performance index de‘f(l",»)‘
has been reported in the last column of Table VI. The values
of ‘é—‘;‘(I‘i;k) corresponding to k/,k”, and kK’ are shown in
the same table. K"’ normally originates solutions with the
smallest curvature derivatives: only in a few cases k/ and
K” return better results. This conclusion is also confirmed
by J(Kk). Indeed, if evaluated for I';s,...,I's3, it is equal to
J(K')=2,1596, J(K”) =2,6015, and J(K"') = 1,2217.

Rk . dR . dR . |d&

2; Lek) o —o(Takt) o (Tak™) = ()
I'ys 1,6614e+0 2,0482e+0 1,7121e+0 1,5218e+
Ty 43600e2  42000e2  40048¢2  3,2000e-2
Ty 16120e-1  1.6170e-1  1,5295e-1  1,1900e-1
Iy 11030e-1  1,1250e-1 999992  7,4600e-2
Ty  73300e2  7.3000e2  6.6889e2 498002
Ty 58700e-1  62100e-1  4.8427e-1  2.2150e-1
T3 40400e2  42100e2 4230662  3.4600e-2
T3 59950e-1  5.8860e-1  5.2845e-1  2.0280e-1
T3 1,0900e-1  1,0740e-1  10230e-1  8,0900e-2
Ty 170901 16760e-1 162591  1,1250e-1
Ty 33570e-1  32070e-1 274391  1.4960e-1
IT'se 1,1900e+0 1,1475e+0 1,1530e+0 8,1180e-1
Ty 613002 600002  57552e2 490002
Ty 1.8827¢40  19283e+0  1.6539e+0  8.3570c-1
Ty 1,6620e-1 1,6950e-1 1,5701e-1 1,0800e-1
T 31410e-1  32620e-1  2.5673e-1  1,5070e-1
Ty L1666e+0  12342e+0  8.675le-1  4.5200e-1
Ty 20240e-1  20070e-1  18270e-1  1,1610e-1
Ty 91200e2  87900e2  83922e2  4,1800e-2
Ty 9.8200e2 974002 901782 6,6500e-2
Tys  61100e2  58900e2  54736e2  3.9700e-2
Ty 10850e-1  1,1140e-1  1,006le-1  7.9400e-2
Ty 72700e2  7.3400e2 680422  5.4400e-2
Tys  6,1000e2 577002  55572e2  3.5300e-2
Ty  13200e-1  12990e-1  12408e-1  6.9300e-2
Tso  83600e2  8.6700e-2  8.6923e-2  6,5400e-2
L5, 15010e-1  1,5550e-1  13716e-1  1,0230e-1
Is;  1,6360e-1  1,6380e-1  1,516de-1  8.6300e-2
IT's3 8,3800e-2 8,1400e-2 7,7415e-2 5,7400e-2

IV. AN APPLICATION CASE

It has been earlier pointed out that 13-splines are suited
to be used in a real time planning scenario. Consider a
wheeled mobile robot moving in an unknown environment.
The trajectory is updated according to sensors information.
When the updating time is reached the robot evaluates its
current status, i.e., x4,y4,04,K4, and K4, and determines, on
the basis of the sensors data, its future desired status, i.e.,
XB,YB,098,%p, and Kp. Then, it evaluates 7A(T,k) by means
of k" (see Table IV) and (22)—(27). Finally, the 7°-splines
coefficients are obtained by means of (4)-(19). It is worth
noting that these steps are computationally efficient since are
based on closed form expressions. Initial tangent, curvature,
and curvature derivative of each curve are continuous with
respect to those of the previous one. Then, the overall com-
posite path is G3-continuous. In a realistic scenario, in order
to correct tracking errors or take into account changes in the
surrounding environment, e.g., moving or initially undetected
obstacles, each curve is normally replanned before its end is
reached by the robot. For the sake of simplicity and without
any loss of generality, in the example case here reported, the
curve is updated only at the end of each segment. Table VII
contains the list of interpolating conditions which have been
used. General interpolating conditions have been considered
in order to emulate a set of actual data obtained, e.g.,
from a visual system. The sole exceptions are represented
by I's¢ and I'ss which are compatible with a circular arc



TABLE VII
INTERPOLATING CONDITION I'; CHOSEN FOR THE EXAMPLE

XA YA _XB _YB 04 OB Ka Kp K4 Kp
sy 0 0 5.00 8.00 0 /2 0.1 -0.025-0.02-0.02
I'ss 5.00 8.0010.0014.00 m/2 n/32 -0.025 -0.1-0.02 0

I'ss 10.00 14.0017.3211.78 =/32 —7m/32 -0.1 -0.1 0 0
I's; 17.3211.78 18.00 5.00 —7n/32 —4n/6 -0.1 0o o0 0
I'sg 18.00 5.0016.00 1.536 —4m/6 —4n/6 0 0 0 O
IS
r. b
10} ]
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Fig. 1. The planned path.

and a linear segment respectively. The overall curve is
drawn in Fig. 1. It has been obtained by using n>-splines,
which, as known, can exactly generate linear segments when
appropriate boundary conditions are assigned [11]. Fig. 2
shows the overall curvature and curvature derivative. It can be
immediately noticed that they are both continuous. Moreover,
they are kept small also when rough maneuvers are planned
(see, e.g., I's4). Finally, it is possible to remark the very good
emulation of a circular arc obtained by means of I'sq: as
required, the curvature is almost constant and the curvature
derivative is close to zero.

V. CONCLUSIONS

Smart planar curves, suited for autonomous robots, can
be generated by means of 7°-splines. Acting on a vector i
of freely selectable parameters, it is possible to shape 7°-
splines such to fulfill given optimality criteria. In this paper
the generation of smooth paths has been investigated. It has
been shown how, by acting on m, it is possible to generate
curves with minimum curvature derivative. In order to avoid
the execution of huge online optimizations, an heuristic
method has been proposed for the selection of 77. When
interpolating conditions are compatible with circular arcs
and clothoids, devised expressions generate curves which
at the best emulate such primitives. In the case of generic
interpolating conditions, the curvature derivative is very close
to the actual achievable minimum.
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Fig. 2. The curvature and its derivative expressed with respect to the curve
length s.
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